Exciton-polaritons can condense to a macroscopic quantum state through a non-equilibrium process of pumping and decay. In recent experiments, polariton condensates are used to observe, for a short time, nonlinear Josephson phenomena by coupling two condensates. However, it is still not clear how these phenomena are affected by the pumping and decay at long times and how the coupling alters the polariton condensation. Here, we consider a polariton Josephson junction pumped on one side and study its dynamics within a mean-field theory. The Josephson current is found to give rise to multi-stability of the stationary states, which are sensitive to the initial conditions and incoherent noises. These states can be attributed to either the self-trapping effect or the parity-time (PT) symmetry of the system. These results can be used to explain the emission spectra and the π-phase locking observed in recent experiments. We further predict that the multi-stability can reduce to the self-trapped state if the PT symmetry is broken. Moreover, the polaritons can condense even below the threshold, exhibiting hysteresis.
Since the lifetime of exciton-polaritons is about tens to hundreds of picoseconds, an optical pumping is necessary to compensate both the radiative and non-radiative decay of the polaritons. Therefore, the condensates are formed in such a non-equilibrium process. At low temperatures, one can use a non-resonant pumping to excite higher-energy excitons, which rapidly relax to form an incoherent polariton reservoir at the bottleneck of the lower-energy polariton band through the exciton-phonon interactions. The polaritons are then stimulatedly scattered (or cooled) into the ground state to achieve condensation with spontaneous coherence, provided that the incoherent polariton density reaches the threshold density [1, 16] . The polariton reservoir drastically changes the Bogoliubov dispersion of the elementary excitations for condensates with conserved particle numbers, leading to a diffusive behavior in the long wavelength regime and the dynamical instability for the reservoir lifetime being comparable to the condensate [17, 18] .
While the dynamics of the polariton BJJ for different regimes can be accessed by a pulsed resonant excitation that gives the appropriate initial conditions [11] , the short-time behavior of the polariton BJJ is also affected by the reservoir, e.g. the spontaneous coherent oscillations driven by a non-resonant pumping covering the double well [10] . In addition to these short-time oscillations, the non-equilibrium process would also alter the behavior at long times. Intuitively, after the oscillations fade out, the BJJ should reach its stationary states, e.g., bonding or anti-bonding states, for which the corresponding eigen-energies are dependent on the particle numbers of each side owing to the nonlinearity. The pump-decay mechanism leads to a non-Hermitian Hamiltonian, and the states with complex eigenvalues will disappear. Unlike a single condensate for which the spectrum is real, with the stimulated scattering equal to the decay rate, the condition is not necessary for a BJJ because of the Josephson current. It has been analyzed [19] that under equivalent pumping on both sides, the synchronization of the condensates with a single eigen-energy can be destroyed by the potential difference across the junction. A similar synchronization-desyncronization phase transition is also observed [20] in microcavities with in-plane disorder.
In this work, we consider a different situation: a po- The non-resonant continuous-wave laser is used to excite high-energy excitons as a pumping to the polariton reservoir, and the resonant pulsed laser can be used to control the initial condition.
lariton BJJ with a single pumping focused on one side (Fig. 1 ). Note that a pumping laser with small enough spot size has been realized in recent experiments using micropillars [11, 21] . The condensates are always synchronized since the polaritons in the unpumped side are injected from the pumped side by the Josephson current. We will present the multiple stability induced by the Josephson current, as well as its effect on the threshold pumping. Furthermore, we also find the possibility of condensation even below the threshold. Our analysis is based on the generalized GrossPitaevskii equation (GPE) of the BJJ wave functions
coupled to a rate equation describing the reservoir [18, 19] . The nonlinear and non-Hermitian Hamiltonian is written as
where j is the single-particle ground state energy, U j is the condensate charging energy, and J is the tunneling between the two sites. Here the local dispersion is ignored and we only consider the ground-state wave function of each site, as shown in the lower panel of Fig. 1 . The complex effective potential V j depends on the number of reservoir polaritons N Rj (t) and is given by
whereg is the interaction between the condensate and reservoir polaritons, A j is approximately the distribution area of the reservoir, and γ j is the decay of the condensates. The term R j (N Rj ) is the stimulated scattering from the reservoir to the condensate, and, for simplicity, we only consider it as a linear function, i.e.
The rate equation of the reservoir on the pumped site is given by
where the reservoir decay γ R1 and scattering loss are balanced by the laser pumping P 1 . We can ignore N R2 due to the weak diffusion of the reservoir polaritons [18] . For the double well or micropillars with diameters about the order of µm in the experiments, the strength of the term g/A j is much weaker than the charging energy and can be ignored. A trivial solution is that no polaritons are condensed and the reservoir-polariton number is proportional to the pumping from (4). By linearizing Eq. (1), the fluctuation spectrum can be derived as
where
is given by Eq. (2) with Ψ = 0. As shown in Fig. 2 , the threshold pumping P th = γ R1 N Rth can be determined by the first point of Im[ω 
In general, the spectrum of the non-Hermitian Hamiltonian H is a complex function of the polariton numbers of the condensates and the reservoir. To solve the nonzero stationary states, Ψ(t) ≡ Ψ(0)e −iΩt , and N R1 , we have to search for the real spectrum, i.e.,
The stationary states pumped from one side must possess a finite d.c. Josephson current 2J √ N c1 N c2 sin(∆ϕ) to balance the loss from the other side, and the relative phase ∆ϕ ≡ ϕ 2 − ϕ 1 across the BJJ (with respect to Ω − and Ω + ) deviates from 0 and π, corresponding to the usual bonding and anti-bonding states with zero current.
Two analytic solutions can be derived from R 1 (N R1 ) = γ 1 + γ 2 ; one corresponds to Ω + and the other to Ω − (see yellow and green curves in Fig. 3 ). In this case, the Hamiltonian possesses parity-time (PT) symmetry, i.e.
, where the injection of the condensate polaritons at site-1, R 1 (N R1 ) − γ 1 , is equal to the decay at site-2 [22, 23] . These stationary states only exist with a real spectrum under the condition
Violating this condition by increasing the decay or decreasing the tunneling makes the spectrum complex and leads to spontaneous PT-symmetry breaking [23] [24] [25] . The equal sign of Eq. (7) gives the exceptional point, where these two states coalesce. For both PT-symmetric states, the condensate polaritons are equally populated across the junction,
By coincidence, these states are created above the threshold because the reservoir polaritons have to be pumped to the condition N R1 = N Rth . The reservoir-polariton number is kept constant above the threshold and the total condensate-polariton number (N cT ≡ N c1 + N c2 ) increases linearly with the pumping [ Fig. 3(b, c) ]. In general, there exist two other solutions, both corresponding to Ω + , with the imbalanced population of the condensate polaritons ζ ≡ (N c1 − N c2 )/N cT = 0 [ Fig. 3(d) ]. They are obtained by numerically finding the roots of Im(Ω) = 0. One solution is localized in site-1 (the blue curves in Fig. 3 ), and this localization is due to the same mechanism of macroscopic quantum self-trapping for short-time oscillations [9] , where the interaction between the condensate polaritons shifts the energy difference across the BJJ and reduces the Josephson current. Therefore, increasing the pumping or decreasing the junction tunneling enhances the self-trapping effect. The other solution is more populated in site-2 with weaker condensation (the red curves in Fig. 3 ) and the self-trapping effect is limited. Increasing the pumping will drive more polaritons tunneling to the unpumped site and further reduce the condensation. Thus, the solution reduces to the zero-condensate state above a critical pumping. Interestingly, the imbalanced states appear even below the threshold. We will show later that the polariton BJJ exhibits bistability below the threshold.
In order to determine which states can be observed experimentally, the stability is analyzed by calculating the complex spectrum of deviation from stationary states, with details given in Appendix A. Figure 3(e) shows the maximum imaginary part of the fluctuation spectrum.
One of the PT-symmetric states Ω − is always stable and the other Ω + becomes unstable when increasing P 1 . As for the imbalanced states, the self-trapped state is stable except for a small region below the threshold, and the other one (untrapped state) is generally unstable unless it is close to the PT state with Ω + . This leads to multistability of the condensation resulting from the polariton tunneling.
Below threshold, there exists a bistable regime with a self-trapped condensed state and a non-condensed state. The bistability can be explained by damped oscillations of the polariton BJJ. The self-trapping oscillations occur if the initial polariton number is larger than a critical value [Ū N cT (0)/2J > Λ c ], with a suitable range of the initial imbalance ζ(0) [9] , and it is eventually damped to the imbalanced equilibrium position ζ(t → ∞) > 0. Otherwise, the oscillations are damped to a balanced state with ζ(t → ∞) = 0, and from the conditionṄ cT = 0 in Appendix A (A1) the condensation must vanish unless the threshold is reached. Owing to the initial-value dependence, the bistability can be experimentally observed through the hysteresis of condensation, by cyclically increasing and decreasing the pumping near the threshold.
Above the threshold, the multiple stable states are also determined by the initial values. When the self-trapping condition is not satisfied, the condensates evolve to other stable states. In conserved BJJs [9] , for |∆ϕ(0)| ≤ π/2, the self trapping occurs in the running-phase modes provided ζ(0) > ζ c , while for |∆ϕ(0)| > π/2, it could be either in the running-phase modes or the π-phase modes, depending on both N cT (0) and ζ(0). The suitable range of ζ(0) is altered by the reservoir and the decay, and a large initial imbalance generally induces the self trapping. We have shown that the self-trapped state must be antibonding-like with a phase difference close to π, even if the initial phase is zero [ Fig. 3(f) ]. This can be understood by the running phase being damped to (2n + 1)π and eventually reaching the antibonding-like stationary state. One notes that the damped running phase and π-phase locking have been observed in a recent experiment [11] . This phenomenon seems to be different from our case because the eigen-energy is never real without pumping, i.e., no stationary condensate is achieved. We also derive an oscillator model to explain the π-phase locking either with or without the stationary condensation (see Appendix B).
Our results can give further insight on the micropillar experiment [21] , where several states with different energies are found above the threshold in the spectrallyresolved emission distribution. This phenomenon can be attributed to the coexistence of multiple stable states resulting from incoherent initial conditions or noises. Although the interaction and scattering among these states are ignored in our simplified model, the signatures can be qualitatively captured by the multi-stability (Fig. 4) . Close to the threshold, both the PT-symmetric states (Ω ± ) as well as the self-trapped state (Ω + ) are stable, and the self-trapped state has a much stronger condensa- tion with a higher energy than the other two states owing to the localization of the stimulated scattering. At high pumping, the anti-bonding symmetric state becomes unstable, and the emission spectrum is dominated by the self-trapped state and the bonding symmetric state. It should be noted that the interaction between the reservoir and the condensate polaritons (V R j ) is ignored and the bottom states remain PT-symmetric. The reservoir polaritons are not accumulated much when increasing the pumping strength, due to the depletion by condensation. Thus, at high pumping, the contribution of the high-energy excitons which are inactive to the polariton condensation should be accounted for the effective potential difference [26] . The potential difference does not affect the self-trapping much but only makes the bonding state more localized to the unpumped site. Although the potential difference seems to assist the polariton scattering to the bottom states in the experiment, we argue that it should break the PT symmetry of H above a critical value and induce a complex eigenenergy where the bonding state vanishes.
In summary, we have analyzed, within mean-field theory, the dynamics of a polariton Josephson junction pumped on one side. The Josephson current induces multiple stable states corresponding to different initial conditions. These states can be attributed to either the self-trapping effect resulting from the nonlinearity or the parity-time symmetry of the system, and the incoherent noises lead to the coexistence of these states. The results can be used to explain recent experiments. Moreover, we also predict the condensation and a hysteresis phenomenon below the threshold.
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Appendix A: Stability analysis
In order to analyze the stability of the stationary states, we do not employ the usual derivation of the elementary excitations by directly linearizing Eq. (1), which includes both the phase terms ϕ 1 and ϕ 2 . This is because only the phase difference ∆ϕ ≡ ϕ 2 − ϕ 1 is physically meaningful without considering the local dispersion. Instead, we derive the equations of motion of the relative phase ∆ϕ and the population imbalance, ζ ≡ (N c1 − N c2 )/N cT , similar to the conserved BEC systems [9] , and take into account the additional degrees of freedom, i.e. the total condensate-polariton number N cT and the reservoir-polariton number N R1 . The equations of motions are given bẏ
and similar definitions are applied to V R/I j and j . By linearizing Eq. (A1), we can calculate the fluctuation spectrum and analyze the dynamical stability with respect to the stationary states.
Appendix B: π-phase locking Figure 5 shows the π-phase locking of the self-trapped states in a non-equilibrium polariton BJJ by solving Eq. (A1), either with or without stationary condensation. The non-condensed case agrees well with the experiment [11] . Here, we derive a nonlinear dissipated-oscillator model from (A1) with, 12 = V R 12 = U 12 = 0, in order to further understand the mechanism of this phenomenon. Under the self-trapping conditions, η ≡ 1 − ζ 2 (t) 1 and ζ(t) ≈ 1 − η > 0, the system can reduce to a second- 
corresponding to a pendulum with a position-dependent dissipation and a decaying driving forceŪṄ cT satisfyinḡ
The angle of the pendulum is defined by 2∆ϕ(t), and thus the pendulum has minimal potential energy for ∆ϕ = nπ, with n being either odd or even. However, the angular velocity given by ∆φ =Ū (1 − η)N cT + 2J 1 − η η cos (∆ϕ) (B3)
can be zero only for ∆ϕ ∈ (π/2, 3π/2), because the first term in (B3) is non-negative. Hence the pendulum is stable for odd n. If the initial angular velocity is small, the pendulum oscillates with small amplitude around the π phase. Otherwise, it moves with an increasing phase. The driving force is able to decelerate the running phase and to lock the π phase beforeŪṄ cT ≈ 0, as long as N cT (0) is large enough. This model can unify the π-phase locking phenomenon for both the condensed and non-condensed cases. A main difference between these two cases is the population imbalance after the phase is locked. For the non-condensed case, N cT decays to zero and the self-trapping (η 1) no longer holds. However, the phase is still locked because the angular velocity has been decelerated to be small.
